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Abstract. In this article we introduce a generalization of the Newton trans- 
| formation to the case of a system of endomorphisms. We show that it can be 

used in the context of extrinsic geometry of foliations and distributions yielding 
new integral formulas containing generalized extrinsic curvatures. 
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O" 1- Introduction 

Analyzing the study of Riemannian geometry we see that its basic concepts 
are related with some operators, such as shape, Ricci, Schouten operator, etc. 
and functions constructed of them, such as mean curvature, scalar curvature, 
Gauss-Kronecker curvature, etc. The most natural and useful functions are the 
ones derived from algebraic invariants of these operators e.g. by taking trace, 
determinant and in general the r-th symmetric functions a r . However, the case 
r > 1 is strongly nonlinear and therefore more complicated. The powerful tool 
to deal with this problem is the Newton transformation T r of an endomorphism 
A (strictly related with the Newton's identities) which, in a sense, enables a 
t^j- ■ linearization of a r , 

(r + l)a r+1 = tr (AT r ). 

Although this operator appeared in geometry many years ago (see, e.g., |2 1 . 29]), 
there is a continues increase of applications of this operator in different areas of 
geometry in the last years (see, among others, [HI2lEllHlliniiniIISll23ll23ll25ll2B])- 
All these results cause a natural question, what happen if we have a family 
of operators i.e. how to define the Newton transformation for a family of en- 
domorphisms. A partial answer to this question can be found in the literature 
(operator T r and the scalar S r for even r [SI EES]), nevertheless, we expect that 
this case is much more subtle. This is because in the case of family of operators 
we should obtain more natural functions as in the case of one and consequently 
more information about geometry. In order to do this, for any multi-index u 
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and generalized elementary symmetric polynomial a u we introduce transforma- 
tions depending on a system of linear endomorphisms. Since these transforma- 
tions have properties analogous to the Newton transformation (and in the case of 
one endomorphism coincides with it) we call this new object generalized Newton 
transformation (GNT) and denote by T u . The concepts of GNT is based on the 
variational formula for the r-th symmetric function 



which is crucial in many applications and, as we will show, characterize Newton's 
transformations. Surprisingly enough, according to knowledge of the authors, 
GNT has been never investigated before. 

The precise definition of GNT and its main properties are given in Sections 
2 and 3. These sections seem to be of independent interest since they do not 
relate to geometric picture. We show some algebraic relations between the trace 
of GNT and algebraic invariants a u (Proposition 13. 3j) . As a corollary we obtain 
generalizations of Cayley-Hamilton theorem (Theorem 13 . 1 j) for a system of lin- 
ear endomorphisms. Moreover, we show that the operators T r and S r for even 
r, which appeared in the literature, can be build of our operators T u and a u 
(Theorem 123]) 

Next, we consider GNT in the context of geometry of foliations (and distri- 
butions in general), however we think that GNT has fine algebraic properties, 
which enable further applications. To begin with, let us note that one of the in- 
teresting developments in geometry of foliations during the last decades was the 
rise of integral formulas for closed foliated manifolds. These formulas are of some 
interest, for example in several geometric situations they provide obstructions to 
the existence of foliations with all the leaves enjoying a given geometric property 
(see, [U El [U [251 [27] and bibliographies therein). Such formulas have also appli- 
cations in different areas of differential geometry and analysis on manifolds (see, 
for example, [JJ H21 M, ES] ) . 

The most classical integral formula, in fact the first one known, is due to Reeb 
|20j . He proved that for co dimension-one foliation of closed Riemannian manifold 
M one has 



where H is the mean curvature of the leaves. In the early 80 's there was obtained 
a notable result by Brito, Langevin and Rosenberg [11] . The authors considered 
codimension-one foliations of a closed space form M p+1 (k). They showed that 
the integral of r-th basic symmetric function of the shape operator of a foliation 
(i.e. r-th mean curvature) depends only on geometry of M not 3 r . More precisely, 
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they proved that 



(i) 



/ 

J M 




K2 ^Jvol(M) for p, r even, 
for p or r odd. 



A generalization of the above result to the case of arbitrary closed manifold 
has been recently obtained in [HE]. The authors applied the r-th Newton trans- 
formation T r of the shape operator of the foliation 5F (r = 0, 1, . . . ,p — dim^F). 
Computing the divergence of the vector field 



where N denotes the unit vector field orthogonal to J, and using the Stokes 
theorem they obtained system of integral formulas which in the special case of a 
closed space form reduce to (pQ). 

Although, all of the mentioned approaches possess a generalization to the case 
of arbitrary codimension, that is integral formulas containing higher order mean 
curvatures S r , for r even, we believe that in codimension grater than one we should 
have more extrinsic curvatures and, globally defined, (normal) vector fields which 
can give an additional information about geometry of foliations and distributions. 

Since, the bundle P = 0(D L ) or P = SOID- 1 ) of orthonormal (oriented, 
respectively) frame fields perpendicular to D codes information on extrinsic ge- 
ometry of distribution D, Section 4 is devoted to the fiber bundle approach to the 
extrinsic geometry of distributions. Using integration on these bundles we define 
generalized mean curvatures (see ({16]) ) for distributions and total extrinsic 
curvatures aff (see ffTTj) ). Moreover, we define a new set of global vector fields 
Y u generalizing ([2]), obtained from sections Y u (see ffTS]) ). by integrating over the 
fibers of P. These fields are crucial in the study of geometry of D and D- 1 . 

In Section 5 we compute the divergence of Y u and, as a result, we get new 
integral formulas (Theorem 15. 2j) containing a u together with some terms build of 
second fundamental form and curvature. 

The next section contains some consequences and presents our results in some 
special cases. We obtain a generalization of the classical formula obtained by 
Walczak [30J (Corollary l6.ip . Moreover, in the case of constant sectional curvature 
and totally geodesic distribution D 1 - we obtain recurrence formula for a^f which 
implies that it does not depend on geometry of distribution D. Using relationships 
between a u and S r we give another proof of the theorem obtained by Brito and 
Naveira [13J. Moreover, we show that when multi-index has only one nonzero 
element then our formulas reduce to ones obtained in [23] and in the case of 
codimension one to formulas obtained in |Q. 



(2) 



T r (V N N) + S r+1 N, 
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Finally, since we could not find suitable references and to make the paper more 
self-sufficient, Appendix contains proofs of some essential formulas concerning 
differentiation and integration on principal bundles. 

Throughout the paper everything (manifolds, distribution, foliations, etc.) is 
assumed to be smooth and oriented and we will use the following index convention: 
n = p + q and 

i,j,k = l,...,p; a,/3,7 = 

2. Generalized Newton transformation (GNT) 

In this section we define and state fundamental properties of Newton transfor- 
mation associated with an ordered system of endomorphisms. We call these new 
transformations generalized Newton transformation. First, we give relevant facts 
about classical Newton transformations (for more details see [23J). 

Let A be an endomorphism of a p-dimensional vector space V. The Newton 
transformation of A is a system T = (T r ) r= o,i i ... of endomorphisms of V given by 
the recurrence relations: 

To = ly, 

T r = o~ r ly — AT r -i, r = 1, 2, . . . 

Here <r r 's are elementary symmetric functions of A. If r > p we put o~ r = 0. 
Equivalently, each T r may be defined by the formula 

r 

T r = \)'a r ,A>. 

Observe that T p is the characteristic polynomial of A. Consequently, by Hamilton- 
Cay ley Theorem T p = 0. It follows that T r = for all r > p. 

The Newton transformation satisfies the following relations [21 J: 

(Nl) Symmetric function a r is given by the formula 

ra r = tr (AT r _i). 

(N2) Trace of T r is equal 

tr T r = (p — r)a r . 

(N3) If A(t) is a smooth curve in End (V) such that A(0) = A, then 
-^-a r+ i(r) T=0 = tr (— A(t) t=0 • T r ), r = 0, 1, . . . ,p. 

CLT CLT 

Condition (N3) is the starting point to define generalized Newton transforma- 
tions. 
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Let V be a p-dimensional vector space (over R) equipped with an inner prod- 
uct (,). For an endomorphism A G End(V), let A T denote the adjoint endo- 
morphism, i.e. (Av,w) = (v,A T w) for every v,w G V. The space End (V) is 
equipped with an inner product 

((A, B}}=tr (A T B), A,Be End (V). 

Let N denote the set of nonnegative integers. By N(q) denote the set of all 
sequences u = (u±, . . . ,u q ), with Uj G N. The length \u\ of u G N(g) is given by 
\u\ — ui + . . . + u q . Denote by End q (V) the vector space End (V) x . . . x End (V) 
(g-times). For A = (A u . . . , A q ) G End 9 (y), t = (h, . . . , t q ) G M. q and u G N(q) 
put 

J-U i«l iMq 

I — l\ ■ ■ ■ t q , 
tA = tiAi + ...+ t q Aq 

By a Newton polynomial of A we mean a polynomial Pa : — > M of the form 
-Pa(^) = det(ly + tA). Expanding P A we get 

\u\<p 

where the coefficients a u = a u (A) depend only on A. Observe that <J( ,...,o) = 1- 
It is convenient to put a u = for |u| > p. 

Consider the following (music) convention. For a we define functions oft : 
N(q) ->■ N(q) and a b : N(q) ->■ N(q) as follows 

oft(ii, . . . , ig) (ii, . . . , i a —i, i a -\- 1, ia+i) • • • , iq)i 

Ot\>{ili ■ ■ ■ i iq) (^1; ■ ■ ■ i i(X—\i i(x 1) ia+l-i ■ ■ ■ i iqh 

i.e. a" increases the value of the cc-th element by 1 and a\, decreases the value of 
a-th element by 1. It is clear that oft is the inverse map to a\>. 

Now, we may state the main definition. The generalized Newton transformation 
of A = (A 1 ,...,A q ) G End 9 (V") is a system of endomorphisms T u = T U (A), 
u G N(g), satisfying the following condition (generalizing (N3)): 

For every smooth curve r >->■ A(r) in End q (V) such that A(0) = A 

— o- u (t) t=0 = ^((-^A a (T) T=0 ) T \T ab(u) )) 

(GNT) 



From the above definition it is not clear that generalized Newton transformation 
exists. In order to show the existence of Generalized Newton transformation, we 
introduce the following notation. 
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For q,s > 1 let N(g, s) be the set of all q x s matrices, whose entries are 
elements of N. Clearly, the set N(l, s) is the set of multi-indices i = (i 1: . . . ,i s ) 
with ii,...,i s G N, hence N(s) = N(l,s). Moreover, every matrix i = (if) G 
N(g, s) may be identified with an ordered system i = (i 1 , . . . , i q ) of multi-indices 
i a = (i<?,...,i«). 

If i = (ii,...,i s ) G N(s) then its length is simply the number \i\ — i\ + 
. . . + i s . For i = (i 1 , ■ ■ ■ ,i q ) G N(g, s) we define its weight as an multi-index 
|i| = (l^l, . . . , \i q \) G N(g). By the length |i| of i we mean the length of |i|, i.e., 

l|i||=E„|i a l=Ea^P- 
Denote by I(q, s) a subset of N(q, s) consisting of all matrices i satisfying the 

following conditions: 

(1) every entry of i is either or 1, 

(2) the length of i is equal to s, 

(3) in every column of i there is exactly one entry equal to 1, or equivalently 
|i T | = (l,...,l). 

We identify I(q, 0) with a set consisting of the zero vector = [0, . . . , 0] T . 

Let A G End q (V), A = (A 1: ...,A q ), and i G N(q, s). By A 1 we mean an 
endomorphism (composition of endomorphisms) of the form 

A' = A^Af . . . A 1 } A 1 } ...Af ...Af ...Af. 

In particular, A = l v . 

Theorem 2.1. For every system of endomorphisms A = (Ai, . . . , A q ), there 
exists unique generalized Newton transformation T = (T u : u G N(q)) of A. 
Moreover, each T u is given by the formula 

M 

(3) T U = J2 E (-^"^n-lilM 

s=0 i&(q,s) 

where a u -\i\ = a u -\i\(A). 

The proof will be divided into steps. The following two technical lemmas are 
well known. 

Lemma 2.2. Let A G End q (V). There exists e > such that for every f e R' 
with \t\ < e, ly + tA is an isomorphism of V and its inverse is given by the 
formula 

oo 

(i v +tA)-' = j2(-iy E tWAl - 

s=0 iel(q,s) 
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Lemma 2.3. If r i-> A(r) is a smooth curve in End (V) such that A(0) = ly, 
then 

(4) ^(detA(r)) T=0 = tr (J-A^Y 

Moreover, we have the following result. 

Proposition 2.4. Consider a curve r i— > A(r) m End 9 (V). Put A(0) = A and 
A' = -r-A(r) T= o. T/ien there exists e > sttc/i i/iai /or ever?/ iGl 5 with \t\ < e, 
we have 



(5) ±-P H r){t)r=0 = tr I tA'£(-l)' E t|i|Ai I P AW- 



«=o iei(<j,s) 



Proof. By Lemma [2.21 there exists e > such that for every t € with |t| < £ 
the endomorphism ly + tA is invertible. For fixed t G M. q , \t\ < e, consider a 
curve B{r) = (ly + tA(r))(ly + tA) -1 . Clearly B is smooth and satisfies the 
assumptions of Lemma 12.31 Moreover 

i j n / \ P A(r){t) 
detB(T) = ^AW 

and the denominator in the above fraction does not depend on r. Therefore, 
applying Lemma [2 .3[ we have 



J^a(t)(*)t=o = ^ f^B(r) T=0 } P A (t). 



On the other hand, applying Lemma 12.21 one can get 

, oo 

A B(t) „ = (A < £(-!)• £ ( N A ' 

s=0 iel(</,s) 

Combining these two equalities lemma holds. □ 

Proof of Theorem \2.1\ Existence. Let r i— > A(r) be a curve in End 9 (V) such that 
A(0) = A. By Proposition 12.41 there exists e > such that for every t 6l ? with 
\t\ < e, (p2) holds. Denote by L and R the left hand and the right hand side of 
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(j^J), respectively. Then 

R = tr (tA A (r) r= of^(-l) s t|i|Ai ) p A(t) 

\ s=0 iel(g,s) / 



tr 



tr 



,00 \ 00 

t^MrUoJ2(-iy E tli]Ai E^° 

s=0 iel(g.s) / |o|=0 

, 00 00 

^A(r).oEE E * |1|+tt (-l)VaA' 

s=0 | o |=0 iel(g,«) 

(, 00 00 

^(^EE £ <" ,(|,|+ "'(-i)v„a' 
s=0 |ct[=0 iel(g.s) 

Put u = a"(|i| + a) G N(g). Then aq,(w) = |i| + a. Hence 

, M 

«=EE tr ( J^MrUoYl E (-IJ^^M-UlA 1 ] f». 

|u|=l a V s=0 iel(g,s) 



On the other hand 



Thus 



|«|=0 



|u|=0 

Since L = R for every |t| < e, comparing appropriate monomials, we get 
-^ct u (t) t=0 = J^tr (^A a (r) r=0 T ab(u) ) , 

where T u 's are given by ([3]). Hence, the system T = (T U) w G N(g)) is the 
generalized Newton transformation of A. 

Uniqueness. Suppose (S u , u G N(g)) is another generalized Newton transforma- 
tion of A. We will show that T u = S u , for every multi-index u. Consider a curve 
A(r) = (A, + r(T u - S U ) T , A 2 ,..., A q ). Then fA(r) T=0 = {{T u - 5„) T , 0, . . . , 0). 
Since T u and are generalized Newton transformation, putting a = 1 in (IGNTI) , 
we get ((T u - S U \T U )) = £a u (r) T=0 = ({T u - S U \S U )). Therefore, ((T u - S U \T U - 
S u )) = 0. Since ((, )) is an inner product, T u = S u . □ 

At the end of this section we want to compare generalized Newton transfor- 
mation with the one considered in the literature introduced by Reilly [22J and 
considered further, for example, by Cao and Li [15]. These transformations, T r 
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and T® +1 , are defined for r even and a = 1, . . . , q. Namely, in coordinates 

{T r )ij — ~y ^ ] ^ji,---,jr,j ^ ] (^ai)nii(^ai)«2i2 • • • (^ar )j r _lj r _i (^4«r )i r jV 

i^,...,ir Oil, ...,Q:r 

and 

|"T>a V—— \^ ^l.-.*r+l,W /I \ 

y^r + ljlj j "^....jV+ljl^Ar+Ur+l 



»l,.">»r+l 
jl>— Jr+1 



^ ] (^ai)ujl(^-ai)i2j2 • • • (Air )*r-ljr-l 



»l,...,»r 



where is the generalized Kronecker symbol, which is +1 or —1 according 

as the i's are distinct and the j's are an even or odd permutation of the z's, and 
which is in all other cases. Moreover, we define functions S r for r even in the 
following way 

= ^| ^ ] ^ju—'dr ^ ] (-^•ai)»iJi(^-oi)t2i2 • • • (A a r )i r _ 1 j T _ 1 {A a r )i r j r - 
i^,...,ir ai,...,ft!- 
31,— Jr 

These transformations satisfy the same relations as Newton transformations. 
Namely, for r even, we have [T3], H] 

(Rl) T r = S r l - Ej r -A, T = 1, 
(R2) trT r = (p-r)S r , 

(R3) £{S r (r)) T=0 = Y.a tr (£ A a(^)r=o ■ ^ r -i)' where A Q (r) is a curve such 
that A Q (0) = A a . 

Moreover, condition (-R3) is equivalent to the definition of T£_ v 

It turns out that these transformations are linear combinations of generalized 
Newton transformation T u . First adopt the following notation. For a multi-index 
u E N(q) of length r let 

(T \ T ! 7* ! 
= ~r = — i — r r- 
M J U\ U\\U2\ ■ ■ ■ U q \ 

Let 2N(g) denote the set of all multi-indices u G N(g) such that each ui, . . . , u q 
is even. 



i / r _\ / \ -l 



Theorem 2.5. For r even 

W T '=H (l)t) r - r °«= E (I) (J r «.<.» 

u62N(q) ^ ' «e2N(<j) ^2/ V 

|u[=r |u|=r 

and 

\ -l 

r 
u 



(7) ^r= £ I 



\u\=r 



10 K. ANDRZEJEWSKI, W. KOZLOWSKI AND K. NIEDZIALOMSKI 

where f = (f ,...,^). 

Before we turn to the proof of ([6]) and ([7]) recall the properties of the generalized 
Kronecker symbol. One can show that 

(8) S 5 t'X = T-^Tyy 

h,...,i r 

and 

(9) v ^"trrrt = 7^4! E *£"t • 

Now we are able to derive the exact formula for o u = o~ u (Ai, . . . , A q ). 
Proposition 2.6. For any indices aii, . . . ,a r we have 

( 10 ) a 4...aUo,...,o) = —\ ^!:;:; 3 vKi)«i • • • (A* r k>, 

31,— dr 

where u = a{ . . . a|(0, . . . , 0). 

Proof. By the definition of symmetric functions cr u we have 
det(l + tA) = °ut u = ^ ■■■ t 7- 

|n|<p M<P 

On the other hand, by the formula for the determinant 

det A = pi ^i'-S^jji ■ ■ • Ai pjp 

i 1 ,...,ip 

3i,—,3p 

we have 



pi 

ji,— dp 



Ipjp 



It follows that by © 

Cr a}...af.(0,...,0) = 7[ E ^lv.j'r^«l)*lil • • ' (^Qr)irjr 

for a constant c independent of the system of matrices Ai, . . . , A q . Hence, taking 
A x = . . . = A q = 1 by © we get 

( n ) (7 a»...4(o,...,o)( 1 ' • • • > !) = 3 S <£;:::£ = T^yy 

ii,...,i r 



Moreover, using multinomial theorem, 

det((l + + + = £ 



pi 

(p — r)!it! 1 

r=0 «i+...+« 9 =r v ' 
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Therefore 

p! 



< 12 > '<« ^'-'V'ip-rW 

By PJ and flU we have g = i, hence (HDD holds. □ 

Proof of Theorem \2.5[ Any multi-index w G 2N(g) of length r is of the form 
u = {a\) 2 . . . (a|) 2 (0, . . . , 0) for some indices a±, . . . , an. For such a multi-index, 
by Proposition I2.6[ we have 

°~U — ~1 / ( ^j 1 ,...J r (^'ai)llJl(^Qil)i2i2 • • • (A«r )*r-ljr-l )i r > 
U. 2 2 



•1,... ,s r 
3U— Jr 



On the other hand, notice that there are f|) indices «i, . . . , ar which give it. 

2 2 

Thus dZJ) holds. Relations ([6]) follow immediately from the properties (Rl) and 
(R3) of transformations T r and T"_ v □ 

3. Properties of generalized Newton Transformation 

Theorem 3.1 (Generalized Hamilton-Cay ley Theorem). LetT = (T u : u G N(g)) 
be the generalized Newton transformation of A. Then for every u G N(q) of length 
greater or equal to p we have T u = . 

Proof. Fix a multi-index u = (ui, . . . ,u q ) with \u\ > p. We may assume that 
«i > 0. Take a = 1. Consider the curve A = (Ai + tT^,,, 0, . . . , 0). Then 
J^A(t) t=0 = {T^, u \, 0, . . . , 0). Moreover, since \u\ > p, then |a"(u)| > p. There- 
fore, o" Q tt( n )(r) = for every r. Consequently, by the definition of generalized 
Newton transformation we obtain 

= ^cr a t {u) (r) T=0 = ((T U \T U )). 

Since ((, )) is the inner product, we get T u = 0. □ 



Theorem 3.2. The generalized Newton transformation T = (T u : u G N(g)) of 
A satisfies the following recurrence relations: 

(13) T = l v , where = (0, ...,0), 

(14) a where \u\ > 1. 

a 

Proof. Equality (|T3|) is obvious. Assume u G N(q) and \u\ = s + 1, s > 0. We 
show the first identity of (j!4p . A proof of the second one is analogous. 
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For every matrix i = (if) G I(q, s) and every f3 define a matrix /3oi G s + 1) 

by 

(/3oi)? = «J|, (/3oi)f = i«_ 1 , 2<Z<s + l. 

It is easy to observe that I(q, s + 1) can be expressed as the following sum of 
pairwise disjoint sets 

%S+l) = |J/3oI(g,s). 

P 

Moreover, for every i G I(q, s), \/3 o i| = /3"(|i|) and A 1301 = ApA 1 . We have 

T « = E E (-i)" 1 "^-!!^ 1 

Z=0 iel(g,j) 

= ^+EE E (-i) ll/3oi|l ^-i^i^ oi 

«=1 /3 iel(g,«-l) 
s 

1=0 P iel(q,l) 

= a u l v - E^ E E a PUu)-\i\ A1 

P \ 1=0 i&(q,l) 

= a u \ v - y^^ApTp^u), 

p 

fors = |/3 b (u)|. □ 

Now we state and prove the fundamental properties of generalized Newton 
transformation. 

Proposition 3.3. The generalized Newton transformation T = (T u : u G N(q)) 
of A satisfies the following conditions: 

(GN1) Symmetric functions a u are given by the formula 



° u = E tr ( A <x T a h {u))- 



(GN2) The trace ofT u equals 

tiT u = (p - \u\)a u . 
(GN3) Symmetric functions a u satisfy the following recurrence relation 
J^tr (A a ApTp bCtb(u) ) = -\u\a u + J^(tr A a )a a ^ u) . 
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Proof. Proof of (GN1). Consider a curve A(r) = (1 + r)A. Then A(0) = A 
and J^A(r) r=0 = A. Expanding the polynomial -Pa(t)(0 it is easy to see that 
o~u(t) = (1 + r)'"'o" u , where a u is a symmetric function of A. Thus 



d 

Hence by flGNTj) 



— Or u {T) T=0 = \U\a u . 

dr 



o- u = ^tr (A Q T Qb(u) ). 



Proof o/(GN2). Follows directly by (HID and (GN1). 
Proq/ o/ (GN3). By flEJ we have 



T u — 0~ u ly — 



Therefore 

\ a / 

Taking the trace, using (GN2) and the fact that ol\, and (3\> commute we get 
(GN3). □ 

Corollary 3.4. Let T = (T u : u G N(g)) 6e t/te generalized Newton transforma- 
tion of A. If every matrix A a is self-adjoint, i.e. = A a , thenT u is self-adjoint 
for every u G N(g) . 

Proof. We apply induction with respect to k — \u\. Obviously, if k — 0, then 
u = and T is self-adjoint. Take /c > 1 and assume T w is self-adjoint for every 
multi-index w of length \w\ = k — 1. Let w be of length k. Applying (|T4|) we get 

= cr u l v - y^T^ (u) A^ = a u l v - ^T Qb(u )A Q = T u . 

a a 

Induction completes the proof. □ 

4. Extrinsic curvatures for distributions of arbitrary 

codimension 

Let (M, g) be an oriented Riemannian manifold, D a p-dimensional (transver- 
sally oriented) distribution on M. Let q denotes the codimension of D. For each 
X G T X M there is unique decomposition 

X = X T + X X , 
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where X T G D x and X 1 - is orthogonal to D x . Denote by D 1 - the bundle of 
vectors orthogonal to D. Let V be the Levi-Civita connection of g. V induces 
connections V T and in vector bundles D and D 1 - over M, respectively. 

Let 7r : P — > M be the principal bundle of orthonormal frames (oriented 
orthonormal frames, respectively) of D L . Clearly, the structure group G of this 
bundle is G = 0(q) (G = SO(q), respectively). We define a Riemannian metric 
on P by inducing the metric from M and an invariant inner product (( , )) on the 
Lie algebra g of G, 

((A,B)) = -ti (AB), A, Beg. 

In particular, the projection n : P — > M is a Riemannian submersion. 
Adopt the notation from the Appendix. 

Every element (x, e) = (ei, . . . , e q ) G P x , x G M, induces the system of endo- 
morphisms A(x, e) = (Ai(x, e), . . . , A q (x, e)) of D x , where A a (x, e) is the shape 
operator corresponding to (x,e), i.e. 

A a (x,e)(X) = -(V x e a ) T , l£fl r 

Let T(x, e) = (T u (x, e)) ue ^ q ) be the generalized Newton transformation associ- 
ated with A(x, e). 

The bundle tt : P -> M and the vector bundles TM ->M,D-+M,D L -*M 
induce the pull-back bundles 

E = ir~ 1 TM, E' = 7i~ 1 D and E" = tt~ 1 D~ l over P, 

each with a fiber (vr^TM)^) = T X M, (ti^D)^ = D x and (n^D^^ = D^, 
respectively. We have 

E = E' © E". 

Moreover, the connections V, V T , V 1 " of g induce the unique connections V £ , V E ' 
and V E " in E, E' and E", respectively (see Appendix). 

Proposition 4.1. (1) Let Y G T(E") and X G D x , x G M. Then, for every 
w eP x 

(V E h Y) H = (vflF) (w)-A Y{w) (X), 

where A N (X) = -(VjiV) T denotes the shape operator. 
(2) Let Y G r(E') and X G D$ , x G M. Then, for w G P x 

(V E h Y) (w) = (Vf.y) (w) + (VxY^ (x). 
Proof. Since V B and V E " are connections, the operator 

s(x,y) = (v E xh Y) H-(vfly) H 



GENERALIZED NEWTON TRANSFORMATION AND ITS APPLICATIONS 15 

is tensorial, hence does not depend on the extension of a vector Y(w) to a section 
of E. Thus, we may assume Y = Y o 7r, where Y G T{TM). Then 

S(X,Y) = (V X Y ) (x)-(V x Y ) (x) = (V X Y ) T (x) = -A Yo{x) (X) = -A Y(w) (X), 

which completes the proof of (1). The proof of (2) is similar. □ 

Let End(-E') denotes the bundle of endomorphisms of E', i.e. the fiber End(E') x 
over iGMis End(-Da;). The connection V s ' defines a connection in End(£"). 

Each T u belongs to r(End(£")) and a u is a smooth function on P. By the 
definition of generalized Newton transformation we conclude that 

(15) Z(a u ) = J> ((V|X) ■ T ab(u) ) , Z G T(P). 

a 

Applying the notation from Appendix, we have 

(16) Ou(x) = / a u (x 1 e)de= / a u (x, e a) da, 

Jp x Jg 

where (x, eo) is a fixed element of P x . We call o^'s extrinsic curvatures of a 
distribution D. Moreover, we define total extrinsic curvatures 

(17) of = / ^(x)rfx. 

J M 

Since the projection 7r in the bundle P is a Riemannian submersion, then by 
Fubini theorem f l5B"|) 

a u = J o~ u (x,e) d(x,e). 

Remark 4.2. Notice that some of total extrinsic curvatures are equal zero. For 
indices 1 < cti < . . . < < q, let Qfc be a transformation which maps vector 
e ai of a basis (x, e) to — e aa i — 1, . . . ,k. Then, by the use of the characteristic 
polynomial of generalized Newton transformation, we get 

o- u {F ai ,..., ak (x,e)) = (-l) u ^ + - +u ^a u (x,e). 

Hence, if u\ + . . . + Uk is odd and F ai ^ )0 , k maps P to P, then Ou = 0, so cr* f = 0. 
Thus, the following two conditions hold: 

(1) if G = 0(q) and at least one of indices (ui, . . . , u q ) is odd, then a^f = 0, 

(2) if G = SO(q) and there is a subset (u ai , . . . , u ak ) of (ui, . . . , tt g ) such that 
k is even and Y^=i u a 3 * s °dd, then a^ 1 = 0. 

Define the section Y u G r(i£), u G N(g) as follows 

(18) Y u (x,e) = ^T (3bQb(u) (x,e)(V ea e /3 ) T + 

Observe that the first component of Y u is a section of whereas the second 
component is a section of E" . The section Y u and the vector field Y u G F(TM) 
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obtained from Y u by integration on the fibers of P play a fundamental role in our 
considerations. 

We will start by proving necessary technical results. The divergence of Y u and 
consequences of obtained formula are contained in subsequent sections. 
Let R x ,y ■ D ->■ D, X,Y G Y{TM) be an endomorphism given by 

R X>Y Z=(R(Z,X)Y) T , ZeD, 

where R denotes the curvature tensor of V. For fixed indices a, (3 we define a 
section R a p of End(£") by 

Ra,p(Xi e) = Re a ,ei3 '■ D x ~ > D x . 

Similarly we define A a G r(End(£')) by 

A a (x, e) = A ea : D x y D x . 

It is also worth to notice, that e a is identified with a section e a G T(E"), which 
assigns to a basis (x, e) its cc-th component. Hence, a local orthonormal basis 
e = (ei, . . . , e q ) is considered as a local section of P. 

Lemma 4.3. Fix x G M. Let e — (e±, . . . , e q ) be a local orthonormal frame field 
in the neighborhood of x such that (V ± e a )(x) = for all a. Extend e to a local 
orthonormal basis (f\, . . . , f p , e\, . . . , e q ) of TM such that (V T fi)(x) = for all 
i. Then, at x we have 

e Q ((As)u ° e ) = (AnArfij o e + (R a ,p)ij o e - g{V fi {V ^e/ , fj) 
+ Y,9((V ea e 1 ) T ,f i )g(fjAVe l ep) T ). 

7 

where ()y denotes the (i,j)-th component with respect to the basis (fi). 
Proof. Differentiating g(ep, fj) = twice, we have 

= g(V h V ea ep, fi) + g(V ea ep, V fi fj) + g(V fi e fi , V e Ji) + 9^, Vf^ejj)- 
Thus, at the point x 

(19) g(y h V ea ep, fj) = -g{e p , V /t V e J 3 ). 

Moreover 

(A p )ij oe = -g{V fi e p ,fj), 
(A a Ap) o e = ^g(V fi e a , f k )g(V }k e p , fj), 

k 

{R a p)ij °e = g(R(fi, e a )ep, fj). 

Put 

L = e a {(Ap)ij o e) - (A a Ap)ij oe- {R a ,p)ij o e. 
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Then, at the point x 

L = e a g(e p , Vfjj) - ^ #(V/,e a , f k )g(Vf k e p , fj) + g{R{fi, e a )fj, e p ) 

k 

= - ^9(^f i eaJk)g(^f k ep,fj)+g(Vf i V ea f j ,ep)-g(V[f i)ea] f j ,e^ 

k 

= ~^2a(y 'fit*, fk)g(V 'f k ep, fj) + g(y /,v e Jj,e^) 

k 

-^2g([fh e a]Jk)g(^fJj:ep) - ^p([/i,e a ],e 7 )p(V e7 /j,e^) 

k 7 

= g(VfiVe a fj, e p ) + g(^eji, e-y)g(V ej fj, e p ). 

7 

Thus by flE]) 

L = -g(y fi V ea ep, fj) + ^2g(y ea fi, e^g(y e Jj, e p ) 

7 

= -g{V fi V T ea e p , f s ) + Y,9ih Vj a e 7 )^(/ i5 Vj^), 

7 

which completes the proof. □ 

5. Integral formulas 

Adopt the notation from the previous section and from Appendix. The main 
result of this section is the integral formula for the total extrinsic curvatures. This 
formula is derived by computation of a divergence of vector field Y u corresponding 
to the section Y u defined by (IT51) . 

First, we recall that the divergence of a (1, m)-tensor S on M is a (1, m — 1)- 
tensor divS of the form 

n 

(divS)(Xi, . . . , X m _i) = ^(V e ^)(e M , Xi, . . . , X m _0, 

/x=l 

where (e M ) is any local orthonormal basis of TM. Considering only the basis 
adapted to a distribution D, we define analogously the divergence div T S* with 
respect to D. 

For a linear map S : D x — > D x let S 1 * : D x — >■ D x denotes the operator adjoint 
to 5, i.e., g(SX, Y) = g(X, S*Y) for A, F G D a . Let 5 : D D be a tensor field 
on M. Then one can prove the following relations 

(20) V T X S* = {V T X SY , 

(21) g(dw T S\Y) = dw T (SY) -J2g(s*fi,v]Y), 

i 

where (/,) is local orthonormal basis of D, X 6 TM , FeD. 
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We will use the following notation: if X G T(TM) and Z G T(E') then g(X, Z) 
denotes the function on P of the form g(X, Z)(x, e) = g(X x , Z(x,e)), where 
(x,e) G P. 

Lemma 5.1. The divergence ofY u is given by the formula 
div E Y u = -\u\a u + [ tr (Ra,pT Mu) ) + g(div E 'T^ ab{u) , (V ea ep) T ) 

a,j8 

- g(H D x,Tj3^ {u) (V ea ep) T ) + ^^((V eQ e 7 ) T ,T /3bClbM (V e7 e^) T 

7 

where H D ± denotes the mean curvature vector of the distribution D L . 
Proof. By (|38|) . ( fT5|) and Proposition 14.11 we have 

divs I y^o-a b ( u )e Q I = ^e^(cr Qb ( u )) + ^ dw E (e a ) ■ a a ^ u ) 

\ a J a a 

= /Z tT (( V 5'A3) • T /W«)) + Y 9(yfne a , fi o 7r)a ab{u) 

ot,/3 a,i 

+ Y 9(Vfhe a , e p o 7r)cr Qb(n) 
= Y tT (( v §4s) ' T /W«)) - Y tT ( A «KbM 

6/3 ° 7r) Got), (u) 1 

a,? 

where (fi) is an orthonormal basis of D and (e@) an orthonormal basis of D~ 
Moreover, again by Proposition 14. 1[ 



div£ ( 2 T /W«)( V «» e /0 T ) = ^^(V^T /3bQb(u) (V ea e^) T ,/ i 7r) 

+ Y 9(^ eT PbCtb{u) (V ea ep) T , e 7 o tt). 

Fix x G M. Let e = (ei,...,e g ) be a local orthonormal frame field in the 
neighborhood of x such that (V _L e Q )(x) = 0. Extend e to a local orthonormal 
basis (fx, . . . , f p , ei, . . . , e g ) of TM such that (V T fi)(x) = 0. Then, by above 
formulas, fl33|) and Lemma S3] we have at point (x, e) (we omit composition with 
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basis e and projection tt) 

div^y; = E tr ((V^As) ■ T Mu) ) - E tr (A*)a QbW 

a,/3 a 

+ 5^^(VjT / 3 bab(u) (V ea e^) T ,e i ) + E p(V e7 T /3bab(u) (V ea e^) T , e 7 ) 

= ~E tr (Aq,)^^) + E (e a (v4 / g) ii )(T ftab(u) ) ji 

+ X^( V ^ T /W«)( V ^ e /3) T ,e;) - E ^(^(^(Ve^e^) 1 ", V e7 e 7 ) 

= - 5Z tr (^^ttbH + E tr (A*As T /W«)) + ^ tr (^ T Aak(«)) 
+ E ^(( V ^ e 7) T >/i)^(/i>( V e 7 e / 3) T )(T AQb(u) ) ii 

+ E div T (T ftab (u) ( V ea e p ) T ) - g(H D ± , 7> bClb (tt) ( V £a e$ ) T ) . 

By Proposition 13.31 (GN3) we obtain 

div E Y u = -\u\a u + E tr (R a ,pT^ Mu) ) - E ^( V /i( V e a e /S ) T , (7> b «> («))#£) 

+ E ^((V eQ e 7 ) T ,/i)^(( T fta b ( M ))ii/i, Vj 7 e^) 

+ E divT ( T A«b («) ( V ^ e /3 ) T ) - 9 {H D ± , T Pb ab {u) ( V ea ) T ) 

= -\u\<T u + Y tT (-Ea./tf/Wu)) - X^^ V ^( Ve « e ^ T ' T ft«b(«)/*) 

a,/3 os,/3,i 

+ E ^(( V e,e 7 ) T ,/,)^((^ ab(u) / i) V;e^) 

a, /J, 7, i 

+ E ^ ( T /W«) ( V e Q e /3 ) T ) - 9 (V , ?> b a b (u) ( V £a ) T ) . 

Putting K = (V ea e /3 ) T and S 1 = T^ a ^ u ) in (J2H) we get 

s(div T T| bQb(u) , (V eQ e^) T ) = div T (T^ b(u) (V eQ e^) T )-E^(^ Qb(u )/- Vj(V eQ e^) T ). 

i 

Hence 

div^r; = -\u\a u + E tr {Ra,pTfo ai){u) ) + Y9(div T T* i>Mu) , (V eQ e /3 ) T ) 

+ E ^( T /3* b a b H(V ea e 7 ) T , (V £7e/3 ) T ) - g(H D ±, T^ {u) {V ea e p ) T ). 
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Moreover, by Proposition 17.41 div ^ = div^T^ which completes the 
proof. □ 

Theorem 5.2. Assume M is closed. Then, for any u G N(q), the total extrinsic 
curvature a^f satisfies 

\ u \ a u = Yl J ( tr (^ T ft«k(«)) + 9(div E ,T* bab(u) , (V eQ e /3 ) T ) 
(22) ^ P 

- g(H D ^T^ iu) (V ea ep) T ) + ]T s((T; bab(u) (V eQ e 7 ) T , (V^) 1 

7 

where H D ± denotes the mean curvature vector of distribution D- 1 . 



Proof. Follows immediately by Lemma 15.11 and Proposition 17.31 □ 



By Theorem 15.21 we have in particular 



a a*{0,...,0) - U 



and 

(23) 2a% Ho _ 0) = J ( (Ric D ) a j - g(H D ±, (V e ^) T ) 

+ $>((Ve Q e 7 ) T , (Ve.e/3) 1 

7 

where (Rico)^ = Ric£>(e a , e/?) and Rico is the Ricci curvature operator in the 
direction of D, i.e., 

Bic D (X,Y) = Y t g(R(f i ,X)Y,f i ), 

i 

where (fi) is an ort honor mal basis of D. 

Notice that in Theorem 15 . 2 1 1 ot al extrinsic curvature a^f is expressed by gener- 
alized Newton transformations T a ^t u ) of lower order and by its divergence. On 



the other hand, we have a recurrence formula f }T4j) for generalized Newton trans- 
formation. We derive the recurrence formula for the divergence of T* and finally 
the explicit formula for div e'T*. 

From Codazzi formula, if (ViV) = 0, where iV G r(D ± ), it follows that 

(24) (VlA N )Y - (VlA N )X = -(R(X, Y)N) T + (V [W iV) T 



for X, Y G D. 
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Proposition 5.3. The divergence divE'T*, u G N(q), satisfies the recurrence 
formula 

div B ,T u * = {tr D (R(e a ,T: b{uy )Y - ^(div^T^)) 

a 

-^(^-^)T Qb(u) (V e/3 e Q ) T . 

a,/9 

Proo/. By flU we have T„* = a u • id D - £ Q A*T* b(u) . Since div^(id D ) = 0, by 
P| and (HDD we get 

(25) div^TJ = vr,(grad D , l0 g _ ^(V^)(T ab(u) /;) - £ A* (<WZ£ (u) ), 

where grad £) / I (cr u ) denotes the /^-component of gradient of a u and (ft) is a local 
orthonormal basis of D. Fix x G M. Let e = (ei, . . . , e q ) be a local section of P 
such that ('V ± e a )(x) = 0. Then, for any vector X G D x 

5f(7r*(grad Dh o- u ), X) = X(<7 U o e) 

and, by Proposition El fl2H) and f[20]) . 

^(^(vgA;)(T; M /,),x) ^ 5 ((vji a )*r; w /a) 

a,i a,i 

= T,9(K(u)f^VlA a )X) 

+ Y.9(K,(u)fi, -(R(hX)e a ) T + (V [/i>x] xe a ) T ) 

= J2 tr ((Vj A» • T ab (u) ) - £ </(J2(e a , 7^,/,)/,, X) 

Hence, by (fT5"|) 

(26) 7r,(grad Dh a u ) - ^(VjA*)^^/*) 

= ^9{R(e<*,T*^ u) fi)f h X) - 53^(T* b(u) /t, (V [/iiX] xe Q ) T ). 
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Moreover 

5>C^(«}/*> (V [/l ,x]xe cl ) T ) = (Ve,e a ) T )g(e , V h X - V x f t ) 

i p,i 

(27) = E M, T aUu) (V e$ e a ) T )g(X, (Ap - A}) ft 

p,i 

= Y,g(X, {A p - A* p )T ab[u) {V ep e a ) T ). 

By (J2SD (I2ZD proposition follows. □ 
Corollary 5.4. The divergence div^/T* ofT* can be expressed as follows 

div*7;= E E (- 1 ) S "X---^- 1 ( tr ^(^^K),..(.xM u )-)-) T 

l<s<|u| ai,...,o s 

"EE (- 1 )^ 1 ---^- 1 (^-^) T K),..K),w(V e ,e 



-x; /i ai . . . yx^ ^ - ^^(«,) k .„( 0tx ) b (tt)V.VepCo. < ; T ) 
l<s<|u| ai,...,Q!j,/8 



Proof. Follows by induction with respect to \u\ and the recurrence formula for 
div e'T* in Proposition 15.31 □ 



6. Consequences and special cases 

In this section we show some applications of the formula for the total extrinsic 
curvatures. We derive the generalization of the Walczak formula [30J. Moreover, 
we compute total extrinsic curvatures for foliations with integrable and totally 
geodesic normal bundle. We conclude by showing that in the case of one shape 
operator the results agree with the ones obtained in [21] and in the codimension 
one with the formulas in jl]. 

We adopt notation from the previous section. 

6.1. Generalization of Walczak formula. Let D be a p-dimensional distri- 
bution on a (p + g)-dimensional Riemannian manifold (M,g). By Proposition 
E3JGN1) and (GN3) we have 

(M - = E ( tr ( A ") tr (4s T /w«)) - tr (^A? T /w«))) • 

a,P 

Together with (|22|) we obtain the following result. 
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Corollary 6.1. Assume M is closed. For any multi-index u G N(q), \u\ > 1, we 
have the following integral formula 

= Yl / ( tr (^ T A^(«)) + #( div £' T /W«)' ( V ^ e /?) T ) 
(28) - g{H D ^Tp m{u) {V ea e p y) + ^(T; bab(u) (V eQ e 7 ) T , (V e ^) T ) 

7 

~ r /_ : (tr (AJtr (A^T^^) - tr (A a ^T ftat(u) )) ) 

Formula (128 p is a generalization of Walczak formula [30] • Indeed, to state 
and prove the Walczak formula let us now introduce some necessary definitions. 
The second fundamental form Bp and integrability tensor Td of a distribution 
D are bilinear forms symmetric and skew-symmetric, respectively, given by the 
formulas 



B D (X,Y) = {VxY + VyX)- 



t d (x, y) = (y x Y - v y x) x = [x, y]\ x,yed. 

Moreover, the mixed scalar curvature in the direction of D and D 1 - is defined as 
follows 

K{D, D ± ) = K(fi, e a ) = J> W*, e «)e a) ft = ^ tr R ajCn 

i,a i,a a 

where (ft and (e a ) are orthonormal basis of D and D ± , respectively. Then, 
Walczak formula is the following 



(29) / (k(D, D l ) — \H D \ 2 — \H D ±\ 2 + \B D \ 2 + \B D ±\ 2 — |T D | 2 — \T D ±\ 2 ^j 

Any multi-index u of length 2 with even coordinates is of the form u 
a"a"(0, . . . , 0). For such an multi-index formula ( 128]) reduces to (see also (123} 

= J2 I (tri? Q , a -^(^,(V eQ e Q ) ± ) + ^^((V eQ e 7 ) ± ,(V e7 e a ) ± ) 

(30) « 7 

-(trA a ) 2 + tr(A 2 )). 

Moreover, we have 

£(trA Q ) 2 = ^(- V/i e a ,/-) 2 = 5>(e Q ,F D ) 2 = \H D \ 2 



0. 
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and 

tr {AD = 9(MA a fi, fi) = 9(AJi, Kfi) 

a a,i ce,i 

= Yg( A afi, fj)g(A a f j: fi) 

= ^2g( e c c ,B D (f i J j ) +T D (f i ,f j ))g(e a ,B D (fi,f j ) -T D {f i J j )) 



B D \ 2 -\T D 12 



and 



$^^(( Ve " e 7) ± ' (V e7 e a )- L ) = ^2g(B D ±(e a ,e y ) + T D ±(e Q ,e 7 )) 

7 7 

■g(B D ±( 

Using above equalities and the fact that all obtained functions are constant on 
the fibers P r formula (EH reduces to Walczak formula (1291). 



6.2. Distributions with totally geodesic and integrable normal bundle. 

Following (221 [15] we define the r-th mean extrinsic curvatures S r and give the 
integral formulas for these quantities. Next, we compute total extrinsic curvatures 
a^f in the case of a distribution with integrable and totally geodesic normal bundle 
on a Riemannian manifold of constant sectional curvature and show that obtained 
result implies the formula for S r obtained by Brito and Naveira [13J. 

Let D be a distribution on M. For r even define the r-th mean extrinsic 
curvature S r by 

&r = ^| ^ ] ^jl,—,jr ^ ; (A ai )i 1 j 1 (A ai )i 2 j 2 . . . (A Q r )i r _ 1 j r _ 1 {A a r )i r j r , 

i^,...,ir ai,...,dr 
31,— jr 

where 3^''.'.'.% is a generalized Kronecker symbol (see Section 2) and Aij denotes 
the coefficients of an endomorphism A with respect to an orthonormal basis. One 
can show that S r does not depend on the choice of orthonormal basis, hence is a 
well defined function on M. By Theorem 12.51 we get 



u62N(g) ^2/ 

\u\=r 

Hence, by Theorem 15.21 we get the integral formula for S r . 
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Corollary 6.2. The r-th mean extrinsic curvature S r on closed Riamannian 
manifold satisfies the following integral formula 

rS r= E (T)(T) E/ (tr(^T^ (u) )+^(div^ abH ,(V ea e^) T ) 

|u|=r 

- ^(F D x,T AQb(u) (V ea e^) T ) + ]T ^((T^ b(u) (V ea e 7 ) T , (V^) 7 )), 

7 

where H D ± denotes the mean curvature vector of D L . 

Let D be a distribution such that the bundle D 1 - is totally geodesic and inte- 
grable. Then (V X Y) T = for any X, Y G D ± . 

Corollary 6.3. Assume M is closed. Then, for any u G N(g) ; tota/ extrinsic 
curvature cr^f of a distribution D with totally geodesic normal bundle is of the 
form 




Assume additionally that (M, g) is of constant sectional curvature k. Then 
R a ,/3 = ^a t/ 3, where 5 a ,p is the Kronecker symbol. Therefore, by Proposition 13.31 
(GN2) and Corollary 16.31 we have 

= «E / tr ( T ^(«)) 

(31) =K E / (p-H + 2 W(«) 

= K(p-\u\ + 2)Y,v$( u y 

a 

This, together with 

V(a,...,o) = v °K p ) and a$( ,...,o) = 
this gives the recurrence relation for total extrinsic curvatures. 

Corollary 6.4. Assume (M,g) is closed and of constant sectional curvature k. 
Let 7 be a foliation on M with totally geodesic and integrable normal bundle 3 r± . 
Then the total extrinsic curvatures of 3 depend on k, the volume of M and the 
dimension of J only. 

Now, we show that (l3Ti) implies the formula for S r obtained by Brito and 
Naveira [13|. Notice that 
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Hence, by ( |3T|) . 



u€2N(q) 
\u\=r 



r\ / \ -1 



2/ ^ M 



t75 



uS2N(g) ^2/ V / Q 

|w|=r 



K.(p - r + 2) _r_ / ^ \ (u a - l)u a (al(u))\ M 

uS2N(g) a ° ^ 2 

|w|=r 

- r + 2) ^ ^ / '-^ \ a?(u)\ 



7 ue2N(g) a v 2 7 v 

|w|=r 

Notice that any multi-index u £ 2N(g) of length r — 2 can be obtained from q 
multi-indices (l") 2 («), . . . , (q^) 2 (u) of length r. Since 

((a») 2 ( M )) Q = Ma + 2, 

then (for \u\ = r — 2) 

E((( att ) 2 H)«- 1 ) = |u|+g = g+r " 2 - 

Finally, 

_ /c(p-r + 2)(g + r-2) c 

— / -. n "r- 2- 

(r — ljr 

This recurrence relation implies the formula j5] 

{(f) ( q+r ^ 1 ) ( 3± f 1 ) «ivol(M) for p even and g odd 
2 2 
2 r ( f+ | _1 )(f)/« 5 vol(M) for p and g even 

otherwise 

which is the formula of Brito and Naveira |13|. 



6.3. Foliations. Assume the distribution D is integrable, hence induces foliation 
3\ Then the shape operators A a are self-adjoint, i.e., A* a = A a . Therefore, by 



Proposition 13.41 generalized Newton transformations T u are self-adjoint. Thus 

Corollary 6.5. Assume M is closed. Then, for any u £ N(g), total extrinsic 
curvature a^f of a foliation J is of the form 

\ u \ a u = J2 ( tr (^,/3 T /W«)) + 9(<tiv E >T Mu) , (V ea e^) T ) 

-^(^±,T AQb(M) (V ea e^) T ) + ^^((T /3bab(u) (V eQ e 7 ) T ,(V e7 e /3 ) T ) 
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where denotes the mean curvature vector of distribution £F . Moreover, the 
divergence div E *T U satisfies the recurrence relation 

div E >T u = ^ (^AR(e a ,T ab{u y)-) T - A a (div E >T a ^)) 

a 

and can be expressed explicitly 

div E >T u = Yl (-Q^A*! •••A a ,_ l (tr D R(e as ,T {as) ^ M{u y)-) . 

l<s<\u\ ai,...,a s 

6.4. Reduction to the case of one shape operator. In [21] the author con- 
sidered the case of a distribution D of arbitrary codimension with the only one 
shape operator An, where N is a unit normal vector field to D. To get rid of the 
choice of N, the following operator is introduced 

A= / A N dN, 

where S C D 1 - is the bundle of unit vectors orthogonal to D. This approach 
is similar to the one considered in this paper with a system of endomorphisms 
(An, 0, . . . , 0). Thus, we compute extrinsic curvatures of the form cr^f Q y where 
k E N. 

Put for simplicity 

T(k,o,...,o) = T k , CT(fc ) o 1 .„,o) = &i = N, Z = (VatA^) t , R n = Rn,n- 
Then, by Theorem 15.21 

kajf = J (tT (R N T k . 2 ) + g(div E ,T* k _ 2 , Z) - g(H D ±,T k ^ 2 Z) 
+ E^ T ^(V J ve 7 ) T ,(V £7 iV) T )). 

7 

Notice that a k , T k etc. depend only on N, i.e., a k (x, e) = o~k(N), T k (x, e) = T k (N) 
etc. Let H = 0(q — 1) (resp. H = SO(q — 1)). Then if is a closed subgroup 
of G and G/H = § 9_1 , where denotes the unit (q — l)-dimensional sphere. 
Moreover, the G-invariant measure on G/H is just a Lebesgue measure A on the 
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unit sphere. By Fubini theorem (see for example |19j) 



a k = / (T k (x,e)d(x,e) 




M JSi- 1 JH 



a k (x, eog) dg dx 



Ck( x , e o9) dgdX dx 



[ [ a k (Njd\(N)dx 



J M JSi- 1 



[ [ a k {N)d\{N)dx, 



where eo is a fixed basis of D XJ N eo denotes the coordinates of N with respect to 
basis e and S x is the set of unit vectors in D x . 

In the case of a codimension one and the integrability of the distribution the 
formula for aff gives the formula obtained by K. Andrzejewski and P. Walczak 
[I]. Indeed, taking G = 50(1) = {!}, by above considerations we have 



which is the formula [U Corollary 3.6]. 

7. Appendix - Differentiation and integration on principal 

BUNDLES 

We derive useful formulas concerning the differential in the direction of a hor- 
izontal vector field on a principal bundle. Lets first recall some basic facts about 
principal bundles. 

Let 7r : P — )• M be a principal fiber bundle with the structure group G. Let 
V = kervr* be the vertical distribution. Let JC be a horizontal distribution of a 
fixed connection on P. Then "K is complementary to V, i.e. TP = V © "K. For 
any vector X G T X M and an element u G P x = ir~ l (x) there is unique horizontal 
vector G 'Ku called the horizontal lift of X. 

Let s G T(P) be a section of P and / : P — > R be a smooth function. Let 
x G M and assume s is parallel at x, i.e. s* x (T x M) = *J{ X . Then, for every 
X G T X M 



Indeed, it follows from the fact that for a parallel section s at a point x G M we 
have s* x X = X^ x y 

Let 7Ty : V — >■ M be a vector bundle with a fiber metric gy and the metric 
connection V v . Let E = i\~ x V — > P be the pull-back bundle, i.e. the bundle 




(32) 



X h s(x) f = X(f o S ) 



GENERALIZED NEWTON TRANSFORMATION AND ITS APPLICATIONS 29 

with a fiber (Tr -1 ^)^ = V n ( w ), w G P. There is a unique connection V E in this 
bundle such that [7] 

vf (x o tt) = (yl z x) o7i, xe r(v), z e r(TP). 

Let s G T(P) be a parallel section at a point x G M and let K G r(P) be a 
section of a pull-back bundle E. Let Ex, ... , E m be a local basis in V such that 
V v E a = at x G M. With respect to this basis F = J^aVai^a ° tt) for some 
functions y a : P — > K. By (1321) we have 

(Vf h y) o s = ^ ((l^J o s ) P a = ^X(y a o s )E a = V X (Y o s ). 

a a 

Hence, for every X G T^M and s parallel at x 

(33) (V£ h y) os = V V X {Y os). 

Assume now that the structure group G is compact and let \ G denotes the 
Haar measure on G. Let / : P — > K be a smooth function. We define the integral 
of / over the fiber P x , x G M, as follows 



f(w)dw= / f(w g)dX G {g), 
p x Jg 

where Wq G P x is fixed and denotes the right multiplication in P be element 
g G G. By the invariance of the Haar measure, it follows that the integral is well 
defined. 

Function / : P — > M induces a function / : M — > R by the formula 

/fa) = / /( w ) 

Proposition 7.1. Lei X G T X M and f : P — » R foe a smooth function. Then the 
following formula holds 

(34) Xf = X*~f, i.e. x(f f(w)dw)= [ (X h f)(w)dw. 



Proof. Fix x G M and let X G T X M. Let 7 be a curve on M such that 7(0) = x 
and 7'(0) = X. Moreover fix w G P x . Let 7^ be a horizontal lift of 7 such that 
7 >*(0) = w . Then (7 fc )'(0) = X*,. Put w t = -f h {t). Therefore, 

Xf = j t (fo 1 (t)) t=0 



d_ 

dt 



f(w t g)d\ G (g) 
g / t=o 



^ (f(w t g)) t=0 d\ G (g). 



d 

G 



Furthermore 

d , „, _ d 



, ft (/Ks))* =0 = ^ (/(^K))) t=0 = (^i)/ = K 09 f, 
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where R g {w) = wg is the right multiplication by g G G. Hence 

Xf= [ X h w J d\ G (g) = [ (X h f)(w)dw = X^f. □ 
Jg Jp x 

Let Y G T(E). Then Y is a mapping of bundles P and V over the identity on 
M, i.e. Y : P x -»• V x , x G M. Y induces a vector field F G T(TM) as follows 

= I Y{w) dw, 

where the integral of Y is the integral of coordinates of Y and is independent on 
the choice of point-wise basis in V. 

Proposition 7.2. Let X G T X M and Y G T(E). Then the following formula 
holds 

(35) V£? = VfIy, i.e. V£ ( / Y(w)dw)=[ {W E xh Y) dw. 

\Jp x J Jp x 

Proof. Proof is similar to the proof of fl3"31 . Let E\, . . . , E m be a local basis in V 
such that V v E a = at x G M. With respect to this basis Y = ^2 a y a {.E a o 7r) for 
some functions y a : P — > R. By Proposition 17.11 we have 

a a 

Let be the Riemannian metric on P induced from the Riemannian metric g 
on M and the invariant metric (( , )) on the Lie algebra q of the structure group 
G, 

g P (X h ,Y h )=g(X,Y), 
g P (Xy,A*) = 0, 
g P (A*,B*) = ((A 1 B}} 1 

where X,Y are vectors on M and A*,B* fundamental vertical vector fields in- 
duced by elements A,B G Q. Then the projection tt : P — > M is a Riemannian 
submersion,hence the Fubini theorem (see for example |16j ) 



(36) / f(w)dw= / / f(w)dw)dx 

Jp Jm \Jp x J 

holds. 

Assume now that V is a subbundle of a tangent bundle TM and the metric gv 
is just a restriction of the Riemannian metric g. 

Let Y G T(E). The divergence div^Y of a section Y is defined as follows 



div^F = ^(Vf a r,7r*£ a ), 



GENERALIZED NEWTON TRANSFORMATION AND ITS APPLICATIONS 31 

where (E a ) is a local orthonormal basis of P which projects on V. Notice that 
the divergence div^Y can be written in the following way 

(37) div £ Y = ^(V^y./fOTr), 

i 

where (/j) is a local orthonormal basis of V. By (j37p it follows that 

(38) div E (tpY) = ^div E Y + Y h <p, 
where Y G T(E) and <p is a smooth function on P. 

Proposition 7.3. The divergence div^Y of a section Y G T(E) and the diver- 
gence divyY of a vector field Y G r(V) are related as follows 

div eY dw = / divyY dx. 

JM 

In particular, if M is closed and V = TM, then f p div eY dw = 0. 



Proof. By Proposition 17.21 we have 

di^y = > a) = E ^ v 5^> /*) = div ^- 

£ £ 

Thus by Fubini theorem (|36|) 



div£;Y(i«; = / div^y<ix= / divy Y<ix. □ 
Jm Jm 

Let End(-E) denote the bundle of endomorphisms of E, i.e., the fiber End(E) x , 
x G M, is End(\4). The connection V E induces the connection in End(E), 
namely 

iy E z s)w = vf (sw) - s(v%w), s e r(End(E)), z e r(p), iy g r(#). 

Then, the divergence divas' of 5 G T(End(E)) is defined as follows 

dw E S = J2(^E a S)(^E a ). 

E a 

where (E a ) is a local orthonormal basis of P which projects on V. Notice that 
div^S 1 can be written in the form 

dxv E S = Y,(V%S)(fi°*)> 

i 

where (/j) is a local orthonormal basis of V. 

Proposition 7.4. Let s G T(P) be a parallel section at a point x G M, let 
S G T(End(E)) and X G T X M . Then 

(V E xh S) (s(x)) = {V V X (S o S )) (x) 

and 

(div E S) (s(x)) = (div v (S o s)) (x). 
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Proof. Follows immediately by (133]) . □ 
The following formulas hold 

(39) div E (pS) = pdiv E S + S(n*gTad V hip), 

(40) div E (TS) = Yl(VtfT)(Sfi) + T(div E S), 

i 

for S,T e r(End(i?)), <p : P — > R, where (/j) is a local orthonormal basis of 
and gra.d V hip denotes the V^-component of the gradient of a function <p. 

Acknowledgment. The authors would like to thank Pawel Walczak and Szymon 
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